Exploiting the universality between the QCD critical point and the three dimensional Ising model, closed form expressions derived [1] for non-equilibrium critical cumulants on the crossover side of the critical point reveal that they can differ both in magnitude and sign from equilibrium expectations. We demonstrate here that key elements of the Kibble-Zurek framework of non-equilibrium phase transitions can be employed to describe the dynamics of these critical cumulants. Our results suggest that observables sensitive to critical dynamics in heavy-ion collisions should be expressible as universal scaling functions, thereby providing powerful model independent guidance in searches for the QCD critical point.
A parallel intensive experimental effort is underway to locate and characterize this critical point through a beam energy scan (BES) of heavy ion collisions at the Relativistic Heavy Ion Collider (RHIC), from the highest center of mass energies ( √ s = 200 GeV/nucleon) down to energies per nucleon a few times the nucleon mass [9] [10] [11] [12] . The fireballs created in such collisions traverse trajectories in the T -µ B plane as they expand and cool before freezing out in a shower of hadrons. If the initial conditions are propitious, their dynamics can be expressed in terms of "protocols"-classes of trajectories in the relevant parameter space with differing sensitivity to critical fluctuations of the universal Ising order parameter. In the BES, protocols on the crossover side of the CEP are most likely, and we will restrict our attention to these.
Crossover protocols are subject to the critical slowing down of the relaxation rate of critical fluctuations. According to the theory of dynamical critical phenomena [13] , the relaxation time for critical modes is related to their equilibrium correlation length as τ eff ∼ ξ z eq , where the dynamic scaling exponent z = 3 for QCD [14] [15] [16] [17] lies in the model H universality class. Recently, employing the Fokker-Planck master equation describing the nonequilibrium dynamics of critical fluctuations [13] , we derived closed form expressions for the temporal evolution of the first four cumulants κ n=1,2,3,4 of the zero mode of the critical field [1] . This work significantly extended prior work on Gaussian fluctuations [18] and showed that both the magnitude and the sign of off-equilibrium nonGaussian cumulants could differ from their equilibrium counterparts [19] [20] [21] [22] .
While memory effects persisting from critical slowing down could thus be detectable in the BES analyses, our results were sensitive to a number of non-universal inputs governing the protocols that include i) the mapping of the Ising variables -the reduced temperature r = (T − T c )/T c (with T c denoting the Ising critical temperature) and the rescaled magnetic field h -to the QCD thermodynamic variables T, µ B , ii) the details of trajectories in QCD phase diagram and iii) the relaxation rate of the critical mode τ eff . We shall henceforth collectively label these non-universal inputs with the symbol Γ. Uncertainties in Γ can be reduced by careful modeling of the hydrodynamical evolution of the fireball and by further developments in lattice QCD studies at finite µ B . However our prior results suggest that the model dependence of the critical cumulants will survive.
In this letter, we will show that significant progress towards model independent results for κ n can be achieved by employing the Kibble-Zurek (KZ) framework of nonequilibrium phase transitions to express the critical cumulants κ n for diverse protocols in terms of universal scaling functions. The KZ framework was initiated by Kibble to describe the formation and evolution of topological defects in cosmological phase transitions [23] . It was generalized to describe critical phenomena in a variety of contexts by Zurek [24, 25] ; a fruitful application is in the description of Quantum Phase Transitions [26] . Experimental observations of KZ scaling in various condensed matter systems have also been reported; for a recent example, see Ref. [27] . Our work is inspired by a study of KZ dynamics in terms of the universal scaling of correlation functions [28] . For further discussion, employing powerful holographic techniques, see Ref. [29] and references within.
We begin by noting that a reduction in the number of parameters is seen already for equilibrium Ising critical cumulants which can be expressed as κ eq n ∼ ξ dress the possibility of an analogous off-equilibrium scaling, consider a system undergoing a slow quench, where initially τ eff of the critical mode is much smaller than the quench times
governing the rate of change of equilibrium cumulants as the system cools. Consider further, two distinct protocols. In the first, of type A, trajectories are very close to the Ising critical point at r, h = 0, corresponding to T c , µ The qualitative change in behavior of the quench rates relative to the relaxation rate is at the heart of the KZ dynamics. It allows us to define a proper time, denoted by τ * , at which τ eff (τ = τ * ) = τ quench (τ = τ * ), giving rise to an emergent time scale τ KZ , defined through the condition,
with τ quench ≡ min τ ξ quench , τ θ quench . One can equivalently define an emergent length scale and magnetization angle respectively to be
Because critical fluctuations freeze out after τ * , the system retains memory of these emergent scales at later times. The equilibrium scaling of critical cumulants suggests the following ansatz:
with t =τ /τ KZ and I labels different protocol classes. While τ KZ , l KZ and θ KZ depend non-universally on Γ, the functionsf I n are universal for all the trajectories characterizing a given protocol. A possible regime of protocol B where such scaling may hold is sketched in Fig. 1 .
In Fig. 2 (a), we plot the temporal evolution of τ ξ quench for a characteristic quench scale τ Q we will specify later and compare it to τ eff = τ rel (ξ/ξ min ) 3 , where τ rel and ξ min are the relaxation time of the critical mode and equilibrium correlation length respectively at the boundary of the critical regime. For the two different τ rel s along a trajectory in protocol A, we obtain distinct values of τ KZ when τ eff crosses τ ξ quench ; one can also straightforwardly extract l KZ . For protocols B, Fig. 2 (b) shows that one similarly obtains a τ KZ that corresponds to an novel KZ magnetization angle θ KZ . Note that τ rel , ξ min are nonuniversal parameters that are part of Γ and τ KZ , l KZ , θ KZ depend on Γ.
In Appendix A, we present analytical arguments that justify the scaling form in Eq. (4) for both protocols. However, one can use the closed form expressions [1] for κ n to check numerically the existence and domain of validity of the scaling. Towards this end, we will adopt a widely used but non-universal map [18, 31] 
with the temperature evolution of the three dimensional isentropic expansion [32] determined by the speed of sound c s .
In Fig. 3 (a), we plot the non-equilibrium correlation length ξ over ξ min for different choices of τ rel in protocol A. The trajectory for each such choice is clearly nonuniversal and varies significantly with τ rel . Now using Eq. (4) and constructing τ KZ as specified, we plot the functionf scaling ansatz, it scales beautifully; the different curves in Fig. 3(b) , obtained by solving the cumulant equation in Ref. [1] for κ 2 , collapse onto a single nearly universal curve. Equally impressive scaling is seen for the magnetization (κ 1 ), skewness κ 3 and kurtosis κ 4 . The equivalent protocol A plots for these are respectively shown in Figs. 6, 7 and 8 of Appendix B.
Turning now to protocol B, we will examine the behavior of the four trajectories shown in Fig. 1 . We tune τ rel in such a way that θ KZ is identical (θ KZ = −0.1) for the evolution along each trajectory. In Figs. 4(a) and 5(a), we show the corresponding cumulants κ 3 and κ 4 obtained from solving cumulant equation in Ref. [1] . Following the same procedure as for protocol A, we plot the functionsf Very good scaling is observed in both cases, confirming the validity of our hypothesis. One naively expects the non-equilibrium scaling hypothesis to only apply in the regime |τ | < τ KZ (or |t| < 1). This is because the critical cumulants will approach their corresponding equilibrium values outside the KZ regime. Our numerical results for both protocols demonstrate that the KZ scaling solution persists for much longer, suggesting that the KZ scaling functions are attractor solutions. For a discussion of the latter, see Ref. [33] .
We will now consider what these findings imply for the BES search for the CEP in the QCD phase diagram. An immediate consequence is that if BES trajectories are sensitive to the critical point in some window of √ s (center of mass), the centrality (degree of overlap), and rapidity in the collisions, cumulants of hadron multiplicity distributions sensitive to the critical modes [10, 34, 35] should be expressible in the scaling form suggested by Eq. (4). In particular, if the KZ scaling regime is probed by the freeze-out curve of hadrons emitted at proper timẽ τ f from the BES fireballs, the critical cumulants, after rescaling with the appropriate powers of l KZ , will only depend on θ KZ and t f ≡τ f /τ KZ for trajectories in the same protocol. How can the search for KZ scaling be achieved in practice? The steps we propose are as follows:
1. Hydrodynamic modeling of the evolution of bulk properties in the BES, with appropriate choices of initial conditions, should be able to quantitatively reproduce spectra of various hadron species [12, 36] . Thus details of a given trajectory can be determined by such modeling; for each such trajectory one can use Eq. (1) to extract the quench times for the variables ξ and θ controlling the critical dynamics.
2. Determine τ KZ by solving Eq. (2) and compute likewise l KZ and θ KZ from Eq. (3) for this trajectory. Readτ f from the position of the freeze-out curve in the hydro simulation. We note that τ KZ , l KZ , θ KZ still depend on a subset of non-universal inputs from critical properties of QCD matter that we denote as Γ crit : these are the aforementioned mapping between between r, h and T, µ B , the loca- . One can than establish a mapping between κ data n to a point in f data n , t f , θ KZ space. We note from the previous step that this mapping depends on Γ crit .
Repeat the above steps for windows in
√ s, centrality and rapidity that are sensitive to critical dynamics. Data on the corresponding cumulants mapped to f data n , t f , θ KZ space should collapse onto a single surface by suitably adjusting Γ crit . This surface will be described by the scaling functionsf n (t, θ KZ ).
5. In parallel to the previous steps, compute the universal scaling functions by solving the cumulant equations along one representative trajectory of each protocol. Compare the theoretically computedf n (t f , θ KZ ) with rescaled data to further confirm the scaling hypothesis.
If such theory-data comparisons are successful, they would provide unambiguous evidence for the existence of the QCD CEP [37] . The analysis sketched above should also allow us to extract Γ crit , which encodes important properties of QCD matter near the CEP. The procedure outlined, with examples including mock BES data, will be pursued in future work. It can also be explored in models that explicitly couple critical and bulk dynamicsalong the lines of previous work [38] .
There are a number of features of our results that are of broader interest. The non-equilibrium scaling of nonGaussian cumulants has received little attention in the literature on the KZ dynamics. A noteworthy exception is an approach based on the reparametrization invariance [39] of the stochastic master equations representing the mathematical content of different dynamical universality classes [13] . This approach has much in common with our analytical discussion of the structure of cumulants in the Appendix. A and may provide deeper insight into the wider than expected KZ scaling regime observed. Another novel observation is that the quench rate τ θ quench for a class of Ising trajectories (our protocol B) can be rapid enough that magnetization angle can freeze-out; this result is of particular importance for higher cumulants that are sensitive to the sign of this angle. Finally, it will be interesting to explore the merits of alternative mechanisms for the non-equilibrium critical dynamics of gauge theories [40, 41] relative to the Kibble-Zurek framework explored here. In this appendix, we will show analytically the existence of scaling solution (4) for off-equilibrium evolution of critical cumulants near the crossover line. Our starting point is the evolution equations derived in Ref. [1] for critical cumulants. This set of evolution equations is equivalent to the Fokker-Planck equation which describes the evolution of the probability distribution of critical modes. For an alternative derivation of the Kibble-Zurek mechanism based on the reparametrization invariance of the Fokker-Planck equation, see also Ref. [39] .
We now begin our discussion by rewriting evolution equation for cumulants (Eq. 2.20, in Ref. [1] ) in a more general form:
where we have introduced two parameters:
The functionsF n for n = 1, 2, 3, 4 are given in Ref.
[1]-for the reader's convenience, we collect them at the end of this Appendix in Eqs. (A9). Motivated by the non-equilibrium scaling hypothesis (4), we consider the following ansatz for the evolution of cumulants:
Here T c , V c denote the temperature and volume when the system passes the crossover line. C 0 is a non-universal normalization constant, see also Eqs. (A9).
We now substitute (A3) into Eq. (A1). In this work, we will replace V, T in (A2) with V c , T c respectively. This amounts to replacing with c = ξ 3 eq /V c and b with b c = ξ 2 eq T c /V c . Such a simplification is justified as long as the quench time of the ratio of the temperature/volume is much longer than τ ξ quench or τ θ quench . As a result of these substitutions, Eq. (A1) can be written as
where we introduced the scaled ratios
The functional form of G n ξ eq , θ; f 1 , . . . , f n is universal; for convenience, we only list the somewhat cumbersome expressions at the end of this Appendix-in Eqs. (A15) . By observation, G n only depends explicitly onξ eq , θ and f 1 , . . . , f n . Therefore ifτ eff ,ξ eq , θ only depend on the rescaled time t = τ /τ KZ and θ KZ , the scaling form f (t; θ KZ ) will solve Eq. (A4). We will now check explicitly for trajectories belong to protocol A or protocol B, whether the evolution of τ eff ,ξ eq , θ in the vicinity of the crossover line indeed depends only on t, θ KZ . If so, this would confirm the existence of universal scaling solutions.
Let us first consider protocol A. Near T c , one could use expansion ξ eq ∼ |h| −2/5 and therefore we have τ ξ quench ≈ 5 2 |τ | and the condition in Eq. (2) to determine τ KZ becomes
where we have used τ eff = τ rel ξ ξmin
3
. Likewise, l KZ can be determined from Eq. (3) and one can check that
for evolution near T c . Turning now to θ(τ ), we found from θ(τ ) ∼ sgn(τ ) and the definition of θ KZ in Eq. (3) that
This concludes our proof for protocol A that Eq. (A4) has a scaling solution of the formf A n (t; θ KZ ) near T c . We next consider protocol B. Since for protocol B, ξ eq reaches its maximum when crossing the crossover line, we have ξ eq ∼ l KZ and τ eff ∼ τ KZ for evolution in the vicinity of the crossover line. Thusξ eq ≈ 1,τ eff ≈ 1. On the other hand, since θ ∝τ ≡ τ − τ c , we will have from Eq. (3),
for protocol B. We therefore conclude that Eq. (A4) has a scaling solution of the formf B n (t; θ KZ ). Since τ eff (t), ξ eff (t), θ(t) take different forms for protocol A and B,f We conclude this section by collecting explicit expressions for the right hand side of Eq. (A1) and Eq. (A4) for n = 1, 2, 3, 4. Following Ref. [1] ,F n in (A1) reads
As in Ref. [1] , δM , F 2,3 are given by andσ 0 (θ),λ 3 (θ),λ 4 (θ) are determined from a linear parametrization model of the Ising equation of state [42, 43] 
Here the dimensionless quantity C 0 is non-universal.
We next considerG n which appears in (A4). By straightforward calculation, we have: where which r and h are related by
where r c is the value of r on the cross-over line. As we shall see later, by changing r c and a h , we will obtain trajectories which lie in protocol A or protocol B. As mentioned previously, we will use the linear map (T − T c )/∆T = h and (µ B − µ c B ) = −r. We will also employ a simple model of the medium that mimics the expanding fireball formed in heavy ion collisions. Specifically, we consider the evolution of temperature to be of the form
and we will use c 2 s = 0.1. To confirm the scaling hypothesis numerically, we first consider a representative trajectory in protocol A. In particular, we will consider a trajectory with fixed r: a h = 0 and thus r = r c in Eq. (B1). From the definition of protocol A, this trajectory will pass the crossover line in the vicinity of the critical point. Therefore r c 1.
We will present below numerical results with r c = 0.02 in Figs. 6, 3, 7, 8. They correspond to solutions with τ rel /τ c = 0.02, 0.06, 0.1, 0.14. We have also verified the scaling behavior for other choices of r c 1. In producing Fig. 3(a) , we have defined the non-equilibrium correlation length as ξ ≡ κ 2 V c /T c .
We now turn to protocol B. The four trajectories representing this protocol in Fig. 1 correspond to r c = 0.9, 0.8, 0.7, 0.6 (from left to right). We fix a h in Eq. (B1) such that the trajectories approach the equal-ξ eq contour in the vicinity of the cross-over line. This reflects the character of protocol B that the quench of the equilibrium correlation length ξ eq is very slow near the crossover line. The evolution equations were solved numerically along these trajectories. To test the scaling hypothesis, we tuned τ rel to ensure θ KZ = −0.1 for all these trajectories. The prediction based on the scaling hypothesis is that the rescaled functions f 1,2,3,4 (τ /τ KZ ) are independent of the choice of trajectories. Figs. 9, 10, 4, 5 demonstrate that there is indeed a large time window around crossover line where the scaling hypothesis works.
